The Thomson optical depth from reionization is a limiting factor in measuring the amplitude of primordial fluctuations, and hence in measuring physics that affects the low-redshift amplitude, such as the neutrino masses. Current constraints on the optical depth, based on directly measuring large-scale cosmic microwave background (CMB) polarization, are challenging due to foregrounds and systematic effects. Here, we consider an indirect measurement of large-scale polarization, using observed maps of small-scale polarization together with maps of fields that distort the CMB, such as CMB lensing and patchy reionization. We find that very futuristic CMB surveys will be able to reconstruct large-scale polarization, and thus the mean optical depth, using only measurements on small scales.
The Thomson optical depth from reionization is a limiting factor in measuring the amplitude of primordial fluctuations, and hence in measuring physics that affects the low-redshift amplitude, such as the neutrino masses. Current constraints on the optical depth, based on directly measuring large-scale cosmic microwave background (CMB) polarization, are challenging due to foregrounds and systematic effects. Here, we consider an indirect measurement of large-scale polarization, using observed maps of small-scale polarization together with maps of fields that distort the CMB, such as CMB lensing and patchy reionization. We find that very futuristic CMB surveys will be able to reconstruct large-scale polarization, and thus the mean optical depth, using only measurements on small scales.
Introduction. In the coming decades, multiple planned or proposed experiments aim to measure the polarization of the cosmic microwave background (CMB) sky [1] [2] [3] [4] [5] [6] [7] [8] and to map the large scale structure of the universe [9] [10] [11] . Among the primary scientific goals of these experiments is a measurement of the sum of neutrino masses, obtained from a comparison of the amplitude of density fluctuations today with the amplitude at primordial times. The use of the measured CMB anisotropies for the primordial amplitude is subject to a degeneracy with the mean optical depth due to reionization,τ [12, 13] . 1 Given the planned configurations of upcoming CMB experiments and large scale structure surveys, one needs an error on the optical depth of about σ(τ ) 0.005 in order to achieve a 3σ detection of the sum of neutrino masses in the minimal scenario, i.e., σ ( m ν ) ≤ 0.02 eV [4] .
The degeneracy between the primordial amplitude and the optical depth can be broken with a measurement of large-scale E-mode CMB polarization, which is generated during reionization and as such is directly proportional to the optical depth [14] . Determining the optical depth from direct measurements of E-mode polarization at large angular scales has proven to be challenging, requiring careful control of instrumental systematics as well as multi-frequency observations to separate Galactic foregrounds. Before the mission, it was forecasted that measurements from the Planck satellite could achieve σ(τ ) = 0.006, however, after a careful analysis accounting for systematic errors and polarized foregrounds, the most recent constraint has an uncertainty which is larger by about a factor of 2, σ(τ ) = 0.012 [15] . Improving measurements of CMB polarization on large angular scales with ground-based experiments is a challenging proposition, though it is being pursued [5] . A CMB satellite mission seems the most promising way to improve measurements of polarization on large angular scales, but any such mission is likely to be at least a decade away.
It would be extremely valuable if there were an alternative method to obtain a measurement ofτ which does not rely on direct measurement of the CMB polarization signal on large angular scales. For instance, it has recently been proposed that measurements of fluctuations in the the 21-cm signal during reionization could be converted, using reionization modelling, into an effective constraint on the mean optical depth of σ(τ ) ∼ 0.0008 [16] . While promising, this constraint would be model dependent.
Here we discuss an alternative method, using measurements of CMB polarization on small scales to reconstruct large scale E modes. On small scales, CMB B modes are primarily sourced by the conversion of E modes into B modes due to two effects: weak gravitational lensing by large scale structure and patchy screening by an inhomogeneous optical depth. Recent CMB surveys have provided maps of CMB B modes induced by lensing [17] [18] [19] [20] , which have been used to obtain lensing maps [20] [21] [22] [23] . Upcoming surveys will provide maps of both these fields over large fractions of the sky that will be sample variance-limited to small angular scales [1] [2] [3] [4] . Given maps of B modes and either lensing or inhomogeneous optical depth, we show that one can recover the E modes from which the B modes are sourced; this can include E modes on larger angular scales than are directly probed by the experiment.
The physical processes of how gravitational lensing and patchy screening convert E into B are completely understood, and with a sufficiently low noise experiment our proposal provides a robust method for measuring Emode polarization on large angular scales. The power spectrum of inhomogeneous optical depth has not yet been measured [24, 25] , leading to some model dependence in our forecasts. However, once such a measurement is achieved our method will not be subject to any modeling uncertainty.
E-mode reconstruction. Maps of CMB polarization contain only E modes at linear order in cosmological perturbation theory for a universe with only density perturbations. However, at second order several distortion fields are known to generate B modes from E modes. First, gravitational lensing by matter between us and the last scattering surface deflects the polarization field in the directionn according to P ± (n) = P ± (n + ∇φ(n)). Second, patchy screening by a variation in the Thomson optical depth modulates the polarization field according to e −τ P ± (n) = e −τ (n) P ± (n). Here the polarization field is given in terms of the Stokes parameters by P ± (n) = Q(n) ± iU (n), φ is the lensing potential, and τ is the spatially-dependent optical depth arising from variations of the ionization fraction or the baryon density.
Lens-induced B modes were first detected in Ref. [21] , by cross-correlating a noisy map of B modes with a template B map obtained from E-φ correlation, where the φ map was obtained by proxy using a large-scale-structure tracer. Although cast as a measure of the B-mode power spectrum, this measurement (and the subsequent measurement from Planck [20] ) is effectively a detection of the EBφ bispectrum generated by lensing. Similarly, Refs. [21, 22, 26] used a φ map obtained with a EB quadratic estimator in correlation with a φ tracer to provide effectively an estimate of the φ power spectrum (up to a scaling factor relating the φ maps to the tracer); this is again a measure of the EBφ bispectrum. We now derive a method which makes use of the same bispectrum to obtain a reconstruction of the E modes given maps of B and φ (or τ ).
A general distortion field x(n), where x ∈ {φ, τ }, 3 will yield B modes of the form
where we have expanded to first order in x, and
where o 1 2 3 is equal to unity when the sum 1 + 2 + 3 is odd and zero when the sum is even, with
Suppose we have observations of B and x, denoted B obs and x obs , with power spectra C BB + N BB and C xtrxtr + N xtrxtr respectively. In general, x tr will not be perfectly correlated with x. For instance, when x obs is obtained from the CMB itself using standard reconstruction techniques (e.g., Ref. [30] for x = φ and Ref. [24] for x = τ ), one makes use of the CMB anisotropies at > 20. Since these modes are sourced at recombination, z = 1100, and not at reionization around z ∼ 10, where the low-E modes are sourced, there is imperfect redshift overlap between the observed distortion field x obs and the distortion field x responsible for generating B modes from the low-E modes we aim to reconstruct. Alternatively, we may use an external tracer of the distortion field obtained from surveys which may have imperfect redshift overlap with the field of interest [31] . We will account for these possibilities by introducing the cross-correlation coefficient [32, 33] 
which will generically differ from unity. The formalism for reconstructing E modes follows that developed for lens reconstruction [30] : we take appropriately weighted combinations of B obs and x obs ,
We choose the weights W (x) to minimize the variance of the reconstruction, subject to the constraint that our estimate be unbiased, i.e., E m = E m , 1m1 2m2
Minimizing the variance gives the optimal weights
and the noise on the reconstructed E modes
The B-mode power spectrum has several contributions, including those from primary B modes, from inhomogeneous screening, and from lensing. The reconstruction noise can be reduced by removing the contributions Large-scale E-mode CMB polarization power spectrum (black) with noise from reconstruction (Eq. 9; blue/red). We consider reconstructions using either lensing (φ, red) or patchy optical depth (τ , blue) together with their associated small-scale B modes. Bands reflect the range of reionization models we consider. The black curve is the fiducial model for τ = 0.058 and the grey curves use values offset by current Planck 1σ limits, namelyτ = 0.046 and 0.070.
to the B-mode power spectrum which come from wellmeasured E and x modes. To achieve this we iteratively delens and 'descreen' the B-mode power spectrum assuming no measurement of E modes at < 20 [31, 34] , which serves the dual purpose of reducing the residual B-mode power and reducing the noise on the EB reconstruction of the φ and τ fields. 4 We refer to the residual B-mode power after delensing and descreening as C BB,res . We assume negligible primordial contribution to the B-mode power spectrum.
We compute the screened B modes as in Ref.
[36] using a fiducial C τ τ with a peak amplitude of roughly ( + 1)C τ τ /(2π) ∼ 3 × 10 −6 at 500 derived from the simulations of Ref. [37] . Given the model uncertainty in reionization [38, 39] , we also scale this fiducial model by a factor of 3 in both directions.
For our forecasts, we use internal CMB reconstruction of the φ and τ fields, assuming a 1 arcmin beam and no measurement of large scales < 20. For simplicity, we assume that the reionization E modes are sourced on 4 We assume that screened and scattered B modes from patchy optical depth [35, 36] can be reduced in the same way, though a more careful treatment would be required to accurately subtract scattered B modes. Forecasted constraints on the mean optical depth,τ , when using small-scale measurements of B and x = (φ, τ ) to reconstruct E on large scales < 20. We assume that both the B modes and the reconstructed x modes have been obtained from a CMB survey with the given temperature noise level, ∆T , at > 20 and a 1 arcmin beam. As in Fig. 1 , bands indicate the range of results depending on the reionization model we consider. The dotted lines indicate the current constraint, from Ref. [15] , and the CMB cosmic variance limit. Although the τ -based constraint is not competitive, we note that it could be improved using a large-scale structure tracer as a proxy.
a single screen at z 10. The lensing potential field for sources at z 10 is highly correlated with that for sources at z = 1100, having a cross-correlation coefficient ρ 0.9 on all scales. The situation for patchy reionization is more complicated, since the source redshifts inevitably overlap with the screening redshifts. We conservatively consider only fluctuations in the ionized gas after reionization, at z < 6, to be responsible for screening the reionization E modes [25, 40] . We find that this low-redshift component has a cross-correlation coefficient with the total inhomogeneous optical depth field, including both reionization and low-redshift contributions, ranging between ρ = 0.1-0.4 depending upon the reionization model [25] .
In Fig. 1, we show the E-mode reconstruction noise compared to the C EE power spectrum for several currently allowed values ofτ . We find that the Bφ reconstruction noise is comparable to the signal only for very low noise experiments. The Bτ reconstruction noise is larger for all noise levels. We considered screening of reionization E modes only by low-redshift optical depth sources; lower noise could be achieved by treating screen-ing as a continuous process throughout reionization [24] , or by using a tracer for the τ field. Models with a lower amplitude for the reionization component of C τ τ also result in lower reconstruction noise.
Constraints on the mean Thomson optical depth.
For each noise level and type of reconstruction we determine the error on the sky-averaged optical depthτ using [12, 41] 
with
where f sky is the surveyed sky fraction. In Fig. 2 we show associated constraints. Unfortunately, the forecasted error onτ from reconstruction is lower than the Planck result only for noise levels of ∆ T 2 × 10 −2 µK-arcmin, much lower than the expected CMB-S4 survey noise of ∆ T 1 µK-arcmin, preventing us from constrainingτ by reconstruction with any currently planned survey. Given the current central value ofτ = 0.058 we estimate a noise level ∆ T 5 × 10 −2 µK-arcmin would be required for a 3σ detection of the mean optical depth.
Discussion and conclusions. The Thomson optical depth from reionization is a limiting factor in measuring the amplitude of primordial fluctuations, and hence in measuring physics that affect the low-redshift amplitude, such as the neutrino masses. The most obvious path forward is to build a CMB satellite capable of measuring the large angular polarization pattern on the sky to cosmic variance limits. Here we presented an alternative; late time physics in the form of gravitational lensing and patchy reionization converts large angle E modes to small angle B modes, which can be measured to exquisite precision from the ground. We developed the tools to use these measurements to reconstruct the original E mode signal, which can then be used to constrain the mean optical depth.
Our forecasts showed that it is possible to reconstruct the large scale E modes using measurements of small scale polarization, though it would require a survey with extremely low noise, ∆ T 2 × 10 −2 µK-arcmin, in order to improve upon current constraints. Maps of reconstructed E modes could also be cross-correlated with direct measurements of the low E-mode polarization to mitigate systematic effects and astrophysical foregrounds which may bias constraints from direct measurements of E-mode polarization.
The E-mode reconstruction noise is limited by residual B-mode power, the noise of reconstructed distortion fields, and imperfect redshift overlap between the reconstructed distortion fields and those acting on the reionization E modes. It may be possible to alleviate these limitations and improve E-mode reconstruction by using external tracers of the distortion fields. For example, observations of the cosmic infrared background, galaxy catalogs, or 21-cm surveys may provide useful probes of the large scale structure responsible for lensing the CMB [42] [43] [44] [45] [46] [47] [48] . Similarly, a map of large-scale structure could provide a useful proxy for the low redshift contributions to the inhomogeneous ionized gas.
Our analysis only considered estimators involving secondary B-mode polarization. However, on very small scales (i.e. > 3000), secondary E modes from lensing dominate over the primary CMB contributions, and have power equal to that of B modes. We could derive Eφ and Eτ estimators for large scale E modes, potentially lowering the reconstruction noise by up to a factor of 2 when using delensed small scale E modes [49] .
We assumed that reionization E modes were sourced at a single redshift and only screened by low-redshift sources of inhomogeneous optical depth. A more complete calculation would treat the generation of polarization and screening thereof as a continuous process [24] , rather than as two discrete events. Our simplified treatment suggests that E-mode reconstruction based on patchy screening is not competitive with that of lensing. However, if lownoise patchy screening maps become available, from an external tracer for example [40] , a more careful treatment is warranted.
The reconstruction of CMB modes has other applications: it could be applied to both temperature and polarization on large scales to test for anomalies [50, 51] .
In this short paper we proposed a technique for reconstructing large scale CMB fluctuations using only small scale CMB observations. We showed that it is possible with this method to measure the mean Thomson optical depth with a precision sufficient to guarantee a high significance detection of the sum of neutrino masses, though achieving such a measurement would require a CMB survey with noise significantly below any which is currently being planned. Improvements such as the use of external tracers may help to reduce the technical requirements and make the reconstruction method discussed here a viable path toward constraining the mean optical depth.
